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Abstract-An experimental and numerical study is performed on natural convection heat transfer from a 
horizontal isothermal inner tube to a surrounding isothermal outer tube. Experimental results are obtained 
using a Mach-Zehnder interferometer and the governing equations are solved numerically using a vari- 
ational finite element method. Emphasis is given to the effect of inner tube eccentricity and azimuthal 
angular location on the thermal field in the annulus. Results are obtained for air at three specific Rayleigh 

numbers in the transition regime, Ra = 5 x lo’, 103, 1.5 x lo-‘. 

INTRODUCTION 

NATURAL convection in the horizontal concentric 
annulus has been extensively studied due to its broad 
industrial applications. This geometry is used to insu- 
late parabolic solar collectors and underground pipe- 
lines. Also, underground high voltage cables are 
cooled and electrically insulated with an annular gap 
of gas. 

Natural convection in an eccentric annulus has been 
studied to a lesser extent. Eccentricity alters the size 
and the strength of the convective cells in the annulus 
and produces a decreased resistance to conductive 
heat transfer. By judicious design for a given appli- 
cation, the effect of eccentricity could be utilized to 
improve the thermal characteristics of the fluid-filled 

gap. 
The bulk of previous experimental studies of the 

eccentric geometry are primarily concerned with the 
variation of overall heat transfer with eccentricity and 
Rayleigh number. Such studies are those by Kosh- 
marov and Ivanov [l], Probert et al. [2] and Sande 
and Hamer [3]. However, detailed interferometric 
results for both vertical and non-vertical eccentricities 
have been presented by Kuehn and Goldstein [4] in 
the boundary layer regime (3 x lo4 < Ra < 105). In 
the boundary layer regime the overall heat transfer 
coefficients were all within 10% of the concentric 
geometry for e/L = l/3,2/3. 

Extensive numerical studies for the eccentric 
geometry have been performed over a wide range of 

eccentricity and Rayleigh numbers. References [5, 61 
studied vertical eccentricities, while Cho et al. [7] and 
Projahn et al. [8], extended these results to non- 
vertical eccentricities. Where feasible, the numerical 
predictions were verified by comparison with the 
interferometric results of Kuehn and Goldstein [4] 
in the boundary layer regime (Ra = 4.9 x 104). 

The primary objective of this study is to extend the 
knowledge of the temperature distributions, local heat 
transfer distributions and overall heat transfer for 
vertical and non-vertical eccentricities at low Rayleigh 
number. As shown in Fig. 1, the present study inves- 
tigates the influence of eccentricity (e), azimuthal 
angle (q), and Rayleigh number on the convective 
heat transfer through air between the horizontal iso- 
thermal cylinders. 

FIG. 1. A schematic diagram of the horizontal eccentric 
annulus. 
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constant pressure specific heat 
inner tube diameter 
outer tube diameter 
eccentricity 
gravitational acceleration 
thermal conductivity 
local equivalent conductivity 
average equivalent conductivity 
average gap width, (0” -0,)/Z 
Prandtl number 
rate of heat transfer per unit area 
radius 
inner tube radius 
outer tube radius 
Rayleigh number, pgBL3( I; - T,)/~E 
temperature 
inner tube temperature 
outer tube temperature 
dimensionless velocity components in 
the X- and Y-directions 
velocity components in the x’- and Y’- 
directions 

X,Y dimensionless Cartesian coordinates 
x’, Y’ Cartesian coordinates. 

Greek symbols 

; 

thermal diffusivity 
volumetric thermal expansion coefficient 
dimensionless vorticity 

:? vorticity 

? azimuthal angle 

@i angular location on the inner tube 

0, angular location on the outer tube 

@ dynamic viscosity 
fluid density 

: dimensionless temperature 
dimensionless stream function 

Zf stream function. 

Subscripts 
cond conduction 
conv convection 
i inner tube 
0 outer tube. 

EXPERIMENTAL APPARATUS AND 

PROCEDURE 

To obtain comprehensive data for comparison with 
the numerical solution, a test section 40 cm long was 
constructed for use in a each-~hnder interfer- 
ometer. A sketch of the test section is shown in Fig. 2. 

The outer aluminum tube (25.10 mm i.d.) of the test 
section was cooled by water supplied from a constant 
head tank. The cooling water Aowed through a copper 
tube wound helically onto its outer surface. A nich- 
rome wire heated the copper inner tube (9.66 mm o.d.) 
along its center line. Two stainless steel rods (2 mm 
diameter) supported the inner tube. The eccentricity 
could be set by turning the nut adjustments on the top 
of the test section. The entire test section was rotated 
to obtain the desired azimuthal angle. 

The surface temperatures in the test section were 
measured using cop~r~onstantan the~ocouples. 
Twelve thermocouples recorded the axial and cir- 
cumferential temperature gradients on the outer tube. 
The outer tube was isothermal in the circumferential 
direction within O.l”C and axially isothermal within 
0.2”C. Due to space limitations, only two thermo- 
couples were used to measure the inner tube’s surface 
temperature. Taking advantage of axial symmetry, 
one the~ocouple was located at the midsection 
of the inner tube and the other 16 mm from one 
end. With 20 mm of extra heating wire coiled 
near each end to compensate for end heat losses, the 
maximum temperature difference in the inner tube for 

any experiment was 0.6”C at an overall temperature 
difference of T, - T, = 46°C. 

A total of 33 interferograms were taken involving 
eleven eccentric positions of the inner tube. at three 
Rayleigh numbers. Air was the test fluid for all exper- 
iments. The range of variables is summa~zed below : 

D,iOi = 2.6 
e/L = 0,0.3,0.6 

q = o”, 45”, 90”, 135”, 180” 
Ra = 5.0 x lo*, 1.0 x 103, 1.5 x 103. 

The lower and upper limits of Rayleigh number 
were set by lack of fringes and refraction effects, 
respectively. For each experiment, the power input to 
the inner tube was manually adjusted to yield the 
desired steady-state Rayleigh number within 1%. 

Local heat transfer results were obtained by viewing 
the interferogram negatives with a travelling micro- 
scope. Local equivalent conductivities were calculated 
at 15” increments from scans of the closest two 
destructive fringes perpendicular to the inner and 
outer tube surfaces. Since the fluid velocity is low 
near the surface, the temperature field is conduction 
dominated and logarithmic extrapolation reflects the 
nature of conduction in the cylindrical layer. Hence, 
the surface temperature gradients were calculated 
using the first two optically determined fringe tem- 
peratures (T,, TZ) and fringe radii (r ,, rJ as 

dT (T, - Tz) 
dr r_Ri = R,ln(r,/r,) 
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FIG. 2. Cross-sectional diagram of the test section : 1, outer tube ; 2, inner tube ; 3, nichrome heating wire ; 
4, optical windows ; 5, thermocouple locations in the inner tube ; 6, electrical connections ; 7, extra heating 

wire ; 8, eccentricity adjustment; 9, inner tube thermocouples ; 10, copper cooling water tube. 

for the inner tube, and 

dT (T, - T,) 

dr r=R, = R,ln(rrlrr) 
(2) 

for the outer tube. 
The local equivalent conductivity was calculated as 

x;,=z (3) 

where q is the local rate of heat transfer per unit area 
and subscripts cond and conv refer to the conduction 
and convection modes of heat transfer. It is important 
to note that qcond is for the case of the concentric 
geometry. 

Simpson’s rule (with no end corrections) was used 
to integrate the outer tube’s local equivalent con- 
ductivity distribution to obtain the average equivalent 
conductivity, K,. Details of the experimental appar- 
atus, test section and data reduction are given in 
ref. [9]. 

NUMERICAL PROCEDURE 

The buoyancy driven flow in the annulus between 
the two tubes is assumed to be laminar based on 
the results of Kuehn and Goldstein [4]. Using the 
Boussinesq approximation, the conservation equa- 
tions of mass, momentum and energy for steady two- 
dimensional incompressible flow of a viscous fluid can 
be expressed as 

ug •l- va5 = PrV’ef Ra Pr: ay (4) 

-5 = v2* 

aa am 
uax+v-=v2Q, ay 

where u and v are the x and y velocity components, 5 
the vorticity, J/ the stream function, CJ the tempera- 
ture, Pr (=pC,/k) the Prandtl number and Ra 
( = pg/?L’( r - To)/p) the Rayleigh number. These 

variables are all dimensionless and the relation with 
the dimensional quantities is as follows : 

x = d/L, y = y’/L, * = f/u, 5 = 5’L2/u, 

u = t/L/u, v = v’L/u, @ = (T- To)/Ti - To 

where L = (Do-Q)/2 is the average gap width and 
Ti and To are the temperatures of the inner and outer 
tubes. 

The boundary conditions on the surfaces of the 
inner and outer tubes are based on the no-slip, imper- 
meability and isothermal conditions and can be ex- 
pressed as 

u = u = $ = 0, @ = 1 for the inner tube 

and 

u = v = $ = @ = 0 for the outer tube. 

For r] = 0” or 180” the annulus is symmetrical and 
only one half of the annulus need be considered. In 
these cases one more boundary condition is added at 
the line of symmetry 

For other values of n the entire field is considered. 
A variational finite element method of iterative type 

was used to solve equations (4)-(6) for Pr = 0.7. The 
finite element mesh was constructed from triangular 
elements with a total of 396 nodal points (720 
elements). Small elements were used in regions where 
large temperature gradients were expected. A sample 
of the finite element mesh is shown in Fig. 3. 

The numerical procedure was verified by applying 
it to solve several problems for which analytical, 
numerical or experimental results are found in the 
literature. Details of the numerical method and veri- 
fication are presented in ref. [5]. 

DISCUSSION OF RESULTS 

The mechanism by which vertical eccentricity 
influences heat transfer at low Rayleigh number can 
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FIG. 3. The finite element mesh used for the case of e/L = 0.3, q = 45” 

be seen in Figs. 4 and 5 which show the temperature 
profiles and local lyeq distributions for two vertical 
positions of the inner tube, e/L = 0.6, 9 = O”, 180” at 
Ra = 103. Results for the concentric annulus (Fig. 6) 
have been included for comparison. 

When the inner tube is displaced upward by 60% 
of the gap width the local Keq distributions change 
significantly from those of the concentric geometry. 
On the top of the inner tube, where a minimum existed 
for the concentric annulus, there is a local maximum 
due to the reduced resistance to conduction in the 
narrow gap. However, on the lower portion of the 
inner tube it is evident that convection is dominant, 
since the local & distribution remains much the same 
as for the concentric geometry even though the gap is 
much wider. The outer tube also exhibits high local 
heat transfer in the narrow gap region due to conduc- 
tion, but on the lower portion of the outer tube the 
local K& value drops to an extremely low value due 
to the reduced convective flow in this region. 

The temperature profile plots and the local Keq dis- 
tributions for e/L = 0.6, q = 180” (Fig. 5) indicate 
enhanced convection. The temperature profile for 
Oi = 30”, which passes through the convective cell, 
shows that the temperature gradient near the core of 
the cell is low. Heat is being convected around the 
core rather than being conducted through it. In con- 
trast, the Bi = 30” scan for the concentric geometry 
(Fig. 6) shows a significant temperature gradient in the 
central region of the gap. These stronger convective 
velocities for downward displacement have the most 
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FIG. 4. Results for the case of Ra = 1000, e/L = 0.6, v = 0” : 
(a) temperature distribution ; (b) local Keq distribution. 
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FIG. 5. Results for the case of Ra = 1000, e/L = 0.6, 
q = 180” : (a) temperature distribution; (b) local Kq dis- . . 

tnbutlons. 

FIG. 6. Results for the case of Ra = 1000, e/L = 0: (a) 
temperature distribution ; (b) local Ksq distributions. 

influence on the local heat transfer on the top of the 
inner and outer tube. The stronger plume rising off 
the inner tube causes a lower minimum on the top of 
the inner tube and a greater maximum on the top of 
the outer tube. 

Figure 7 shows the effect of horizontal eccentricity 
(q = 90’) at Ra = lo3 on the thermal and velocity 
fields in the annulus for an eccentricity ratio of 
e/L = 0.6. The interferogram and numerically 
obtained isotherms are shown in Figs. 7(a) and (b). 
Good agreement between these figures was not only 
found in the general shape of the lines but also in the 
calculated values of the local heat transfer coefficients. 
One can easily notice that the plume is not rising 
vertically above the inner tube. Rather, due to a 
stronger recirculating vortex in the wide gap region, 
the plume is shifted off the top of the inner tube. The 
streamlines for this case, given in Fig. 7(c), show that 
with increasing eccentricity the convective cell in the 
narrow gap region becomes smaller and weaker and 
may even break down into two small cells. 

Figure 8(a) shows the influence of Rayleigh number 
on the outer tube’s local K,, distribution for hori- 
zontal eccentricity of e/L = 0.6. The analytical solu- 
tion for pure conduction is shown for comparison. 

For pure conduction the maximum heat transfer 
occurs at 8, = 90”, the location of the minimum gap 
width. In this region conduction dominates the local 
heat transfer even at Ra = 1.5 x 103. In the wide gap 
region, the transition from conduction to convection 
is evident. For pure conduction the minimum heat 
transfer occurs at B,, = 270”. With increasing Rayleigh 
number the conductive resistance presented by the 
gap has less effect and the minimum shifts toward the 
outer tube’s lower stagnation point. Also, the 
strengthening plume rising off the inner tube produces 
a local maximum at B0 = 345”. 

Similar trends are evident in the inner tube K_ 
distribution for e/L = 0.6 (g = 90’) shown in Fig. 
8(b). Where the gap is the narrowest, conduction 
dominates. Also, the minimum heat transfer location 
shifts from the widest gap location (ei = 270”) for 
Ra = 0 to the plume location Bi = 330” for 
Ra = 1.5 x lo3 as convection develops. For convec- 
tion, the local heat transfer on the inner tube rod in 
the vicinity of the plume (ei z 330”) is lower than the 
value for pure conduction and decreases with increas- 
ing Rayleigh number. The location where the local 
heat transfer first drops below the conduction curve 
(0, x 300”) occurs higher on the inner tube with 
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(a) (b) 

FIG. 7. The experimental and numerical results for the case of Ra = 1000, e/L = 0.6, q = 90” : (a) inter- 
ferogram ; (b) isotherms ; (c) streamlines. 
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- Numerical Results 
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FIG. 8. The local K., distributions for the case of e/L = 0.6, TV = 90” : (a) outer tube; (b) inner tube. 



178 D. NAYLOR et al. 

8 

Oo.00 
I , 1 I I, , I I, I ! I, I I I 

40.00 60.00 120.00 ISD.OO 2aC.QO 240.00 280.03 320.05 36 

Angle e. 

(a) 

- Numerical Results 

0 Ra= 500 
A Ra= 1000 

Experimental 
Results 

+ na= 1500 

Angle Bi 

(b) 

328.00 : 

FIG. 9. The local Keq distributions for the case of e/L = 0.6, ‘1 = 45” : (a) outer tube ; (b) inner tube. 

increasing Rayleigh number. This shift is expected 
since at higher Rayleigh number the convective cell 
strengthens and penetrates higher into the annulus. 

The effect of the azimuthal angle on the local Keq 
distribution is shown in Figs. 9 and 10 for 
Ra = 1.5 x lo3 and e/L = 0.6. In Fig. 9 where r~ = 45”, 
the maximum value of Keg on the outer tube surface 
occurs at 0, = 45” where the gap width is minimum 
(conduction) while the minimum value of K_ occurs 

at the bottom surface near 0, = 180” where k& is very 
small over a wide area. As q increases to 135” (Fig. 
10) the local Kes distribution on the outer tube is 
found to possess two maximum values instead of one 
for q = 45”. The first maximum occurs because of the 
high conduction heat transfer in the narrow gap 
(0, = 135”) and the second one occurs because of the 
high temperature gradients due to the rising plume 
near the top of the outer tube surface. 
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FIG. 10. The local Keq distributions for the case of e/L = 0.6, q = 135” : (a) outer tube; (b) inner tube. 

Table 1 shows a comparison between the exper- downward e/L = 0.6, the experimentally measured 
imental and the numerical values of xq for various i&was 38% greater than for the concentric geometry 
cases. At low Rayleigh number, azimuthal angle has at Ra = lo3 and 35% greater at Ra = 1.5 x 103. 
little effect on L. since the heat transfer is almost 
entirely by condktion. With increasing Rayleigh 
number, the direction of eccentricity becomes impor- 

CONCLUDING REMARKS 

tant. The value of & increases to a maximum at At low Rayleigh number convection and con- 
q = 180” due to the development of larger and duction have a combined influence on heat transfer. 
stronger convective cells. With the rod displaced The low convective velocities for Ra c 5 x 10’ redis- 
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Table 1. A comparison between the experimental and 
numerical values of & for various cases 

Ra elL 

500 0.3 
0.3 
0.3 
0.3 
0.3 
0.6 
0.6 
0.6 
0.6 
0.6 

(d:g.) 
& 
exp. 

0 1.050 
45 1.062 
90 1.080 

135 1.076 
180 1.080 

0 1.269 
45 1.254 
90 1.261 

135 1.262 
180 1.251 

1000 0.3 0 1.118 
0.3 45 1.106 
0.3 90 1.142 
0.3 135 1.171 
0.3 180 1.190 
0.6 0 1.339 
0.6 45 1.335 
0.6 90 1.358 
0.6 135 1.421 
0.6 180 1.488 

1500 0.3 0 1.193 
0.3 45 1.173 
0.3 90 1.236 
0.3 135 1.271 
0.3 180 1.306 
0.6 0 1.356 
0.6 45 1.412 
0.6 90 1.464 
0.6 135 1.514 
0.6 180 1.567 

K=-? 
numer. 

Percentage 
difference 

(%) 

1.070 1.9 
1.070 0.7 
1.077 -0.3 
1.081 0.5 
1.088 0.7 
I .269 0 
1.272 1.4 
1.291 2.3 
1.306 3.3 
1.334 6.6 

1.121 0.3 
1.117 1.0 
1.140 -0.2 
1.169 -0.2 
1.208 1.5 
1.325 -1.0 
1.334 -0.1 
1.380 1.6 
1.435 1.0 
1.492 0.3 

1.179 0.5 
1.231 -0.4 
1.274 0.2 

1.404 -0.6 
1.469 0.3 
1.539 1.6 

tribute the local heat transfer but do not appreciably 
change &,. For Ra = 5 x 102, Z& depends primarily 
on the magnitude of eccentricity and has very little 
dependency on eccentricity angle. 

For Ra > 5 x lo2 eccentricity angle becomes 
increasingly important. The maximum overall heat 
transfer occurs at q = 180” since this geometry is most 

conducive to the formation of strong convective cells 
in the wide gap region above the inner tube. In the 
transition regime, the effect of eccentricity on KC9 is 
greater than observed by Kuehn and Goldstein [4] 
in the boundary layer regime. The experimental and 
numerical results showed a good agreement. 
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ETUDE EXPERIMENTALE ET NUMERIQUE DE LA CONVECTION NATURELLE 
ENTRE DEUX TUBES EXCENTRES 

R&sum&-Une etude experimentale et numerique est conduite sur le transfert thermique par convection 
naturelle autour dun tube entoure par un autre tube isotherme. Des resultats experimentaux sont obtenus 
par interferometrie Mach-Zehnder et les equations du probleme sont trait&es numeriquement en utilisant 
une methode variationnelle d’eltments finis. On s’interesse particulierement a l’effet de l’excentricite. du 
tube interne et de Tangle azimuthal sur le champ thermique dans l’espace annulaire. Des resultats sont 
obtenus pour pair a trois nombres specifiques de Rayleigh dans le regime de transition, Ra = 5 x IO’, IO3 

et 1.5 x 103. 

EXPERIMENTELLE UND NUMERISCHE UNTERSUCHUNG DER NATURLICHEN 
KONVEKTION ZWISCHEN ZWEI EXZENTRISCHEN ROHREN 

Zusanunenfaasung-Der Wiirmeiibergang bei natiirlicher Konvektion von einem isothermen Innenrohr an 
ein umgebendes isothermes AuBenrohr wird sowohl experimentell als such numerisch untersucht. Die 
experimentellen Ergebnisse erhalt man unter Verwendung eines Mach-Zehnder-Interferometers. Die 
Grundgleichungen werden mit Hilfe einer verlnderlichen Finite-Elemente-Methode gel&t. Der Schwer- 
punkt wird dabei auf den EinfluB der Exzentrizitat des Innenrohres und der Lage des Azimutwinkels 
auf das Temperaturfeld im Ringraum gelegt. Fiir Luft wurden bei drei bestimmten Rayleigh-Zahlen, 

Ra = 5 x lo*, lo’, 1,5 x 103, im Ubergangsbereich Ergebnisse ermittelt. 
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XCCl-IEPHMEHTAJIbHOE H YHCJIEHHOE HCCJIE~OBAHHE ECTECTBEHHOR 
KOHBEKIJWM B 3A3OPE MEX)JY ABYMX HEKOAKCkiAJIbHbIMki TPYEAMH 

-IIpoBeneHo 3xcnepmemmb~oe H qkfCnemoe xccne~omme Tennonepemca ecremeeHHoii 
KOH~~C~~KO~b~CBOM3~~OT~O~H30HTaRbH0~A30T~MHPeCTO~BH~HHC~ ~py6~1 H30TepMH- 

vCCKO% Hapynutok 3KCn~HMCHTaJIbHbIC JWHHbIe lIOJIy¶CHbl IIpE IIOMOIUR HHTe&ZpOMeTpa Maxa- 
ueFl&?pa. OIIpe,WJIfilolLlJie )'paBHeHHI PUIWISiCb ¶HCJICHHO BapIiaUHOHHblM MeTOAOM KOHViHbIX 

3neMeHTOB. OcoBoe BHHMaHae o6pameHo Ha BnHmme 3KCueHTpHCHTCTa R a3HMyTaJIbHOrO yTJIOBOr0 

llOJlO;YeHEll BHyTpeHHeii ~py6~ Ha TelIJlOBOe IlOJIe B KOJIbIleBOM 3a3Op. nOJl)'lieHbI fE3yJlbTaTbl AJIR 

BO3AyXa IIPH TFX XapaKTepHblX 3Ha'ieHHRX WiCJla P3JleK B l'lept?XOAHOM PeXtHM'Z? &I = 5 X lo*, lo', 
1,5 x 103. 


